We define the interpolated scales of approximation spaces, generated by regular elliptic operators on compact manifolds. The appropriate Bernstein-Jackson inequalities and application to spectral approximations of regular elliptic operators are considered.
INTRODUCTION AND PRELIMINARIES
One of the problems in the approximation theory is to characterize the set of functions which have a prescribed order of an approximation by a given method of an approximation [3] , [7] , [8] , [11] . The classical results in this subject are the Jackson and Bernstein inequalities that express a relation between smoothness modules of functions and properties of their best approximations by polynomials.
From direct and inverse theorems it follows that certain classical function spaces can be viewed as special approximation spaces and this is one of the best mathematical expression of equivalences between the degree of smoothness of functions and the behaviour of their best approximation errors [1] . In many instances the approximation spaces can be identified with the interpolation spaces obtained by the real method of interpolation [9] .
Approximation spaces and appropriate Bernstein-Jackson inequalities, generated by an unbounded linear operator A in a Banach space, are considered in [4] . Such inequalities are applied to a best approximation problem by invariant subspaces of exponential type entire vectors of A and to spectral approximations of an operator with the point spectrum.
The aim of the paper is to investigate a best approximation problem by subspaces of exponential type vectors of the regular elliptic operators on compact manifolds. Approximation spaces associated with such operators coincide with the Besov-type spaces (Theorem 1). The Bernstein-Jackson-type inequalities, estimating the minimal distance from a given element to a subspace of exponential type vectors and application to spectral approximations of regular elliptic operators are shown in Theorem 2.
Let a compact manifold has the form of the infinitely smooth boundary ∂Ω of an open bounded domain Ω ⊂ R n (see [12, 
We assume that a (j) s ∈ R for |s| = 2m and there exists a constant c > 0 such that for all ξ ∈ R n−1 we have
Let A with the domain C 1 (A) = C ∞ (∂Ω) is the symmetrical operator in the complex space L 2 (∂Ω). Then by [12, Theorem 7.6 .1]) the operator A has a point spectrum and
be open balls that covered ∂Ω and χ j ∈ C ∞ (∂Ω) is the partition of unity that corresponds to the covering {U j }:
. . , N with the norm
We use the real method of an interpolation (see
MAIN RESULTS
For any t > 0 we define the normed space
. The elements of E t 2 (A) can be called the exponential type vectors of A (see [10] ).
Lemma 1. (i) The following embeddings E
Lemma 2. The function (1) is a quasi-norm satisfying the inequality
for all u, v ∈ E (A) and the embedding E (A) ⊂ L 2 (∂Ω) holds.
are finite for each u, v ∈ E (A) and ε > 0 and the inequalities u
, with r = max{r(u), r(v)} hold. It follows that r(u + v) ≤ r + ε ≤ r(u) + r(v) + ε. Since ε is arbitrary, r(u + v) ≤ r(u) + r(v) for all u, v ∈ E (A). Evidently, r(u) = r(−u) for all u ∈ E (A). So, (1) is a quasi-norm. The embedding E (A) ⊂ L 2 (∂Ω) follows from the inequality u L 2 (∂Ω) ≤ |u| E (A) for all u ∈ E (A).
Given a pair of numbers {0 < α < ∞, 0 < τ ≤ ∞} and {0 ≤ α < ∞, τ = ∞} we consider the scale of spaces
where 
holds with equivalent quasi-norms.
Proof. Consider the space
endowed with the norm
The union E (D) = t>0 E t 2 (D) we endow with the quasi-norm
If l > (n − 1)/2 and u ∈ E t 2 (D) then the Sobolev embedding theorem yields
It follows that
for all η ∈ R n−1 , where the constant c 1 is independent of k ∈ Z + . Let a function u satisfy (4). Then the inequality ∑ |s|=k D s u L 2 (∂Ω) ≤ c 2 (2(n − 1) 2 t) k holds and we have
It follows that u ∈ E 4(n−1) 2 t 2 (D) and consequently u ∈ E (D). Using the inequality (3), (5) and the Paley-Wiener theorem, we obtain the quasi-norm equivalence 
We define the space
where (6) , (7), we obtain
By [12, Theorems 5.4.3, 7.6 .1] for any k ∈ N there exist positive numbers c and C such that
It follows that we have the inequality
Thus, the embedding E t 2 (D) ⊂ E τ 2 (A) with τ = C((n − 1)t) 2m holds. Conversely, let u ∈ E t 2 (A). Then
. So, we have the equality E (A) = E (D). Using (8), we obtain the required equality (2) .
The distance between u ∈ L 2 (∂Ω) and E t 2 (A) we denote by
Let R t be the complex linear span of all {R(λ n ) : |λ n | < t}, where R(λ n ) is the root subspace of A corresponding to λ n . ≤ c 1 |u|
, u ∈ B α−1/2 2,τ (∂Ω),
hold. In particular, there is a constant c such that
, u ∈ B α−1/2 2,τ (∂Ω).
Proof. By [4, Theorem 5] for some constants c 1 and c 2 we have
d(t, u) ≤ c 2 t −α |u| B α 2,τ (A) , u ∈ B α 2,τ (A).
The inequalities (12), (13) and the isomorphism (2) imply that the inequalities (9), (10) hold. Using [6, Theorem 2.2] and [5, Proposition 2], we obtain the equality E t 2 (A) = R t . Hence, the inequality (10) directly implies the estimation (11) .
